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1. At the first, Solvay Congress in 1911, Lorentz raised the question: How does 
a simple pendulum behave when the suspending thread is gradually shortened? 
This was relevant to the quantum theory of that date. 

The problem may be presented as follows. In the equation 

2 + w2x = 0, y=k (-a <t<w), (D) 

we suppose that 

w L bo > 0; 1 cd@) 1 5 t&en, 
s 
-1 / &I@) 1 co s b,‘en-l (n 2 1). 

w*w(ztm), CO(~) -+ 0 (n 2 1) as t+zkw. 

These would in particular be satisfied if 

w(t) = 44, where I d”)(z) 1 5 bn (-cd < z < w),etc. 

Let 

H(t) = (w”z” + y’)/w = wz2 + w-ly2. 

It, has been conjectured that H is approximately constant; that is to say, the 
energy E = wzlcz + y2 is approximately proportional to w; a further conjecture 
is the very drastic 

H(w) -H(-w) = O(r”) 

for every n. Various heuristic arguments have appeared, but no rigorous proof 
of anything for the range - m < t < + m ; such results are known for a P(X) 
constant when x < 0 and when z > 1, and with (o’“‘(O) = cp’“‘(1) = 0 for all n. 

I shall prove: 

* Sponsored by the United States Army under contract DA-ll-022-ORD-2059. The work 
was done at the Mathematics Research Center, United States Army, University of 
Wisconsin. 
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THEOREM 1. 
(i) H(t) = H( ~0) - cj~-“xy + $$(OC4 - 2&-“) ( y2 - w”x”) - ,&$w-~H ( co ) 

+ O(2). 
(ii) Let 

x = (Hw-‘)l” cos a!, y = -(Hcp sin Q 

at time t. Let p = 2r/w(t) be the “local period.” Then for the average a,(H) qf H 
over (t - ,l/zp, t + f!p) we have 

@AH(t)) = ; J1:: H(T) dr = H(w) + O(2). 

(iii) &,(H(t)) =&lnH(t) da = -id’H(m) + O(z)(-ip S 1 Sip). 
* 

(iv) H( ~0 ) - H( - w ) = 0( en) jar every n. 

We observe (a) that the error in H(t) is of exact order E; (b) that, by (ii) and 
(iii), this is improved to exact order c2 by averaging over a period; (c) that no 
further improvement results from a further averaging over the initial phase a. 

We will use B’s to denote positive constants depending only on the 6, and b,‘: 
B’s are not in general the same from one occurrence to the next. 

2. LEMMA 1. B < H(ts)/H(tl) < Bfor all tl, tO. 

We have 

a = I ti(x2 - y2/w2) I 5 BHti, 

1 log {H(tdlH(h)l I 5 exp (1 [I* B I ti dt 1) 

Sexp(BfIlti[dt)<expB=B, 

which is equivalent to the result of the Lemma. 
As a corollary we may note the result, of some interest in itself: 

THEOREM 2. If PO = (x0 , yO) and PI = (x1 , y1) represent two sets of initial 
conditions at t = to , and if PO , PI are near (distance < 6)) then Po( t), PI(t), the 
corresponding (x, y)‘s at any time t are also near (distance < B6). 

After Lemma 1 we use O’s to imply constants depending only on the b, and 
b,’ and H(0) (or presently, when the existence of H( a0 ) is proved, on H( CO )). 
(An 0( 1) is generally < BH(0) or < B1/Ho.) 

3. At t = 0 let 

20 = a cos a, yc = -b sin (Y, a = (How;‘)“*, b = (Hw,)“~. 
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The solution of 

B + wo2 x = 0, (1) 

with initial values 20 , yo is 

x = a cos(wot + a), Y = --?I sin(wot + a). 

The solution (2, y) of (D) with initial values zo , yo is 

x=x+.$, y=y+rlt Y = 8, 7) = i, 

where 

(2) 

‘5 = $ lt {XC,, + E(T)1 km - wo2} sin oo(t - 7) dr. (3) 

We shall not be using .$, 7 except in a range of t of length <B; over any such range 
W’(T) - coo2 is O(e). Hence 

t = t1 + ON, El = ; 6’ X(T) {u2W - wo2) sin wo(t - 7) dr; (4) 

17 = 71 + Ok2L 771 = 
s 

t X(T){cd2(T) - cd:) cos w,,(t - T) dr; (5) 
0 

(, q = O(1) 6’ 1 w(7) - w,, 1 dt + O(2) = O(e). (6) 

4. LEMMA 2. 

s 

t 
xy dt = O(1) (all to, t). 

to 

Let tl = to + 2?r/w(to), tz = 6 + 2~/w(tl), . . * . Supposing (as we may) that 
t > to , let t, be the last t, 5 21. Then 

/-; xy dt = 5’ [;+’ xy dt + O(1). 

In (to , tl), representative of the general (tna , &,,+I), and supposing that tc = 0, 
we have 

s 

t1 
xy dt = 

s t1 1XY + O(H + O(i)} dt 
to 0 

= 0 + O(1) lt’ dt 1’ I (W(T) - a,) 1 dr 

= O(l) itldt{lt (6’ 14~) I du) di) 

S O(1) 6’l duB ) G(U) 1, 
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on changing the order of integration in the triple integral to dr dt du. Hence 

as desired. 

< O(1) + O(1) SW / cj(t) I dt = O(l), 
--Do 

5. Abbreviate xy to U and w-l to v (negative powers of w occur freely). We have 

a = cb(x2 - y2/w2), #g = y2 - a2x2 

H(T) - H(t) = ST Vir dt = [Xl], - IT ijU dt. 
t t 

Let T ---f CQ, when ti( T) + 0, JF / BU I dt S BIT 1 ii I dt -+ 0, since J?W exists. 
Hence H( cc) ) = limT,, H(t) exists, and 

H(w) - H(t) = -iU - /%I dt (8) t 

Now it is easily verified that 

u = - >&,-“u + &u-31j - &W-2H 

= -$&~“ii - ~vtii? + XdH. 
Hence 

(9) 

s t 
*Wdt = [~v2air]~+~~-~(vz,,irdt 

co m 
-5i t 1 vliijlj dt + g s 

zjtiH dt 
t 

cc 
= -gJ”firi + g 

s 
Ij(2vtiij + v2i;’ - VI%] dt 

t 

-$@“H(a) + O(1) lrn /tiijIedt. (10) -03 

Integrating the second term by parts shows that it is of the form 

o(l) ( ) + O(1) I: /; { 1’ dt = O(2) + O(t) = O(:). 

The fourth term is also 0( c”) , and we find 

s m ijU dt = --v26(y2 - w2x2) - gti’H( m) + O(e3). 
t 
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Hence, from (8), 

H(t) - H( m ) = ziq/ - ~v2ii(y2 - w2x2) + g?H( 00 ) + O( e3), (11) 

and this is equivalent to (i) of Theorem 1. 
6. We take up next the question of 

We may suppose t = 0. 
BY Eq. (10) 

Now by (9) 

J 
1lZP 1lZP l/ZP 

iU dt = ->i 
s 

zjv”odt + 
s 

O(:) dt 
--112p -1l2p --1/2p 

since G($$p) - Ui -94~) = O(E) and since IA? varies by O(E2) over 
(-xp, gp). Hence, a,{H(t)) = H( 00) + O(E’), which is (ii) of Theorem 1. 

7. Consider now ~3, [H(1) ) . We may again suppose the t here is 0, and that the 
t’s in what follows satisfy - ?ip 5 t 5 $3~. By (8) 

a,{H(t)} - H(m) = a,(zjU) + a, lrn ijUdt + O(t”). 

Now by (lo), 

(12) 
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The three integrals on the right are each O( E’), and since a,( U) = O(E), 
a,(o) = O(E), we have 

..(~*wdt) = -%H( oo)zi2 + O(e3). (13) 

Kext, 

a,(tiU> = cL{ti(zy + Xlll + WI + Oh3) 

= tict(X7~~ + Y&l + O(e3), since G(XY) = 0, 

= z;a, ; (X(l) + Ok”). 
i 1 

Now W”(T) - wo2 = ‘Lw,+,,T + O(,‘) for a bounded range of 7. Substituting this 
andX(7) = acos(wO~ + (Y),Y= --a sin(woT + cr) in (4) and (5), we have, after 
some rearrangement, 

t 
El = cGosin(wot + cy) s T(1 + cos 2(WOT + a)} c/T 

0 

s t - u&l, cos(wot + a) 7 sin 2(wo7 + a) dr + O(E’), 
0 

ql = the formal derivative of this, 

d Xl, d t 
--/” 7[$dsin2(oot+a)+ $$sin{2w0(t+7)+4~) 

dt a%0 dt o 

+ x sin 2wo(t - T)] dr - $1’ T[+$ sin 2(wo7 + CZ) 

+ % sinj2wo(t + 7) + 4~~1 - 52 sin 200(t - T)] d7 + O(2). 

The last terms in the two square brackets cancel, and a, (taken under the in- 
tegral sign) amlihilates all other terms. So 

a(XQ = O(E3). 

Combining this with (12) and (13) we get (iii) of Theorem 1. 
8. We come now to the last and most striking part of Theorem 1. By (7) 

A = H( m > - H( - 00 ) = [GUI”, - I, iiU dt = -f”, v2 .!I dt, (14) 

where, as throughout this section, we use suffixes to denote differentiation (high 
numbers are involved). Now, from (9), 

U = -+&“U~ - ~/jvvlUl + ~&,H. (15) 
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So, from (14), 

s 

co 
4A = v&?Uz + vu1 UI - VIH) dt. (16) -cc 

Integrate twice by parts for the term in r/i , and once for that in U1 ; the inte- 
grated terms vanish at the limits. Finally, since 

s 

cc 
VlVZ = [~~v1”]“m = 0, 

-co 

we may replace H in (16) by H - H( ~0 ). We thus obtain 

s 

cc 
4A = --oo {(v2v2)2 - (vv1v2)1)U dt - j- ulvz(H - H( co)) dt. (17) -co 

Since 

by (7), and since 

H(t) - H( w ) = -[-VI U1 dt, 

CQ * 
= 0 + [>$v,“u]~o, - 35 

s 
v12u2 U dt = -35 

s 
v12v2 U dt, 

--m -03 

we have from ( 17), 

s 

m 
48 = VU dt, v = I/“’ = (v2v2)2 - (vv1v*)1 + g&~12v?. (18) -cc 

We obtained this by starting with 

s 

cc 
-A = V”‘U dt , v(O) = 212. 

--m 
(19) 

If now we repeat the process, mutatis mutandis, with V”’ = V in place of V”‘, 
we find 

I’ 

cc 
-~$‘a = --oc ((v'V>, - (vu1 V),} dt - I- vlVH dt. 

-cc (20) 

If now vlV is a perfect differential WI , we may replace H by H - H( CC ), and 
the former procedure leads to 

s 
m 

-4’A = V”‘U dt, v@) = (v2V1))2 - (vvlv’l’)l - (WV,),. (21) 
-cc 
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Sow vlV = v~(v~v~)~ - v~(vv~v~)~ + 343~~~~~ = W, , where 

w = v1(v2v~)1 - vv12v2 - 3~v2vy2 + ~&h4, 

and we have (21) with this value of W. 
The process can be continued so long as vlV’“’ is a perfect differential Win’, 

and in fact it always is one. If vlV’“’ is not a Win’ we should have in the analogue 
of (20) a term f4 -(n+‘)J?m vlV(“) dt, which would in general be of exact order 
c ‘%, contrary to (iii) of Theorem 1 (which we shall prove). But there does not 
seem to be an inductive argument for vlVcn) = Wj”‘: the result depends on the 
particular value of V”‘. Fortunately there is no need to struggle with the identity, 
for another line is available. 

9. In what follows we stop using suffixes for differentiation; they will have 
other uses. 

An obvious transformation for (D) is tl = w dt, when (D) becomes 

d2x 
zP+ 1 

Chandrasekhar (I ) introduced the further transformation by x = ~~‘~2, (which 
is what removes the term in dx/dtl). This leads to 

d2x 
htz + 

w**x1 = 0, W12 = 1 +Ql, !& = w-312 2 (u?‘~). (D>l 
1 

This equation is remarkable in that, not only do we have w1 = 1 + 0( t”), but 
the transformation can be iterated. 

Now it is not the case that 

H(t) = H,(b) = W212 + Y12%JJ1. 

We have, in fact, 

Hl( tJ = ww1x2 + w&T1y2 + w-2cq/ + $&L-332x2). 
But since wl( f cc ) = 1 and b( f 00 ) = 0 we do have from (22) 

H(-J) = H,(w), H(-w) = f&(-w), A = A1 . 

We now iterate the transformation: 

dt,, = w, dt, , 112 
G&+1 = wn xn, 

and observe that, by (9), in which the 0( c2) becomes 0 at CO, 

(23) 
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where /?, a certain B, is the constant in 
.t 

Max 
IJ I 

Undt 6 MY(w) 
, 0 

(25) 

(the 0 in Lemma 2 implies (25) with p a B). Since dt, = w~olwz . . . w,-~ dt 
= w dt ( 1 + higher terms), and since 

’ (1 + !&-1)-1’4 = -1 d ’ ti - (1 + higher terms) 
( 4 (dt) n ‘} 

we conclude from (24) that 

This is 0 ( c2n+2). 
I am indebted to Professor S. Chandrasekhar for bringing the problem to my 

notice, and for numerous discussions. 

ADDENDUM 

10. [Added December 14, 1962. The work was done under Contract Nonr 
222(60).] I can now prove Theorem l(iv) without using Chandrasekhar’s trans- 
formation. Such a proof is very desirable in view of other problems of Adiabatic 
Invariance over infinite time, where nothing corresponding to the transformation 
is available. 

In arriving at (14) and (18) of &3 we integrated by parts a number of times, 
the integrated parts vanishing at - co. If we were dealing with H(a) - H(t) 
instead of A we should have obtained, for the general analogue of (7), 58, 

H(w) - H(t) = Qn(t) - 4-” lm V’“‘U dt - 4-” lm ~1 V’“-“H(t) dt, 

H(t) = H(m) - Qn + 4-” lW (V’“‘U + 01 V’“-l’(H - H(a)}) dt (26) 

+ 4-“H ( cc ) l- vl V’“-” dt. 

In this, Qn = a,(t)x’ + 2b,(t)zy + c,(t)y’, Qn vanishes at - cc, and Vcn) has 
weight 2n + 2 in differentiations, so that 

s 
m j V(“‘Ul dt = O(?+‘), 

-co 
I, 1 V’“-“{H - H(W)} / dt = O(e2nf1). 

We have seen that (26) is valid for n = 0, 1, and that in each case u1 Vcn-l) 
is a perfect differential, 

dw v1 p-l) = -. 
dt (27) 
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Let now y1 be the first, if any, n for which (27) is false. Then there will exist a 
function w(l), satisfying (H), for which 

4K” s * v1 v (n-1) dt = K, e2n, where 1 k, j > b,,* > 0. 
-cc 

Consider the function H for this particular W. Let C(m) be the curve in (h, k) 
space : 

H(h, ii; a) = w( qz2 + w-‘( +k2 = 1, (28) 

say. Let (c, y) be the solution of (D) at time t corresponding to (h, Ic) at t = ~0, 
and let C(t) be the curve corresponding to (27) at time t. C(t) has the equation 

cd2 + w-lzJ2 = H(z, y; t) = H(h, k; w ) - Qn 

+ 4K” JW (V’“‘U + 211 V-{H(t) - H( 4,) dt 

+ 4-%(x, y; w ) 
s 

m (29) 
Vl P-l) dt, 

t 

c&T2 + w-ly2 = 1 - c&)x2 - 2b,(t)xy- c,(t)y2 + o(c2”+‘) + k, P, 

since H(z, y; a) = H(h, k; w) + O(E) = 1 + O(E). 
Now, by Liouville’s Theorem [valid for the special equations (D)], the area 

contained in the curve (29) is equal to that contained in (as), namely 7 + O(czn+‘). 
Now (29) for t = - m is 

w(- w)x” + w-y- w)(y2) = 1 + O(E2%+l) + lQfn, 

and its area is r( 1 + O(E’“+‘) + hi,, en}, which differs from ?r + O(ezn+‘). Hence 
we have always ZI’V(~-‘) dt = dw/dt, and our task is completed. 

I mention in conclusion that I have solved the corresponding problem of 
approximate elliptic motion about a central force --w? with w varying as in the 
present, problem. The results are parallel. e2 is an Adiabatic Invariant. Assuming 
0 < b < e(0) < 1 - b, e2 is constant to error O(E) exactly, its average over a 
period is constant to O(c2) exactly, and 

e”(w) - e”(- w) = O(en). 

RECEIVED: July 23, 1962 
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